Abstract. The reduction theorems for general linear and classical connections are generalized for operators with values in higher order gauge-natural bundles. We prove that natural operators depending on the s 1 -jets of classical connections, on the s 2 -jets of general linear connections and on the r-jets of tensor fields with values in gauge-natural bundles of order k ≥ 1, s 1 + 2 ≥ s 2 , s 1 , s 2 ≥ r − 1 ≥ k − 2, can be factorized through the (k − 2)-jets of both connections, the (k − 1)-jets of the tensor fields and sufficiently high covariant differentials of the curvature tensors and the tensor fields.
Introduction
It is well known that natural operators of classical (linear and symmetric) connections on manifolds and of tensor fields with values in natural bundles of order one can be factorized through the curvature tensors, the tensor fields and their covariant differentials. These theorems are known as the first (operators on classical connections only) and the second reduction, [8, 10] , or replacement, [12, 13] , theorems. In [6] the reduction theorems are proved by using methods of natural bundles and operators, [7, 9, 11] .
In [4] the reduction theorems were generalized for general linear connections on vector bundles. In this gauge-natural situation we need auxiliary classical connections on the base manifolds. It is proved that natural operators with values in gauge-natural bundles of order (1,0) defined on the space of general linear connections on a vector bundle, on the space of classical connections on the base manifold and on certain tensor bundles can be factorized through the curvature tensors of linear and classical connections, the tensor fields and their covariant differentials with respect to both connections.
In [5] another generalization of the classical reduction theorems was presented. Namely, the reduction theorems were proved for operators with values in higher order natural bundles. It was proved that an r-th order natural operator on classical connections with values in natural bundles of order k ≥ 1, r + 2 ≥ k, can be factorized through the (k − 2)-jets of connections and sufficiently high covariant differentials of the curvature tensor.
In this paper we combine both possible generalizations of the reduction theorems and we prove the reduction theorems for general linear connections on vector bundles for operators with values in higher order gauge-natural bundles.
All manifolds and maps are assumed to be smooth. The sheaf of (local) sections of a fibered manifold p : Y → X is denoted by C ∞ (Y ), C ∞ (Y , IR) denotes the sheaf of (local) functions.
Gauge-natural bundles
Let M m be the category of m-dimensional C ∞ -manifolds and smooth embeddings. Let FM m be the category of smooth fibered manifolds over m-dimensional bases and smooth fiber manifold maps over embeddings of bases and PB m (G) be the category of smooth principal G-bundles with m-dimensional bases and smooth G-bundle maps (ϕ, f ), where the map f ∈ MorM m . Definition 1.1. A G-gauge-natural bundle is a covariant functor F from the category PB m (G) to the category FM m satisfying i) for each π : P → M in Ob PB m (G), π P : F P → M is a fibered manifold over M , ii) for each map (ϕ, f ) in Mor PB m (G), F ϕ = F (ϕ, f ) is a fibered manifold morphism covering f , iii) for any open subset U ⊆ M , the immersion ι : π −1 (U ) ֒→ P is transformed into the immersion F ι : π −1 P (U ) ֒→ F P . Let (π : P → M ) ∈ Ob PB m (G) and W r P be the space of all r-jets j r (0,e) ϕ, where ϕ : IR m × G → P is in Mor PB m (G), 0 ∈ IR m and e is the unit in G. The space W r P is a principal fiber bundle over the manifold M with the structure group W 
is a G-gauge-natural bundle. The gauge-natural bundle functor W r plays a fundamental role in the theory of gaugenatural bundles. We have, [1, 6] , Theorem 1.2. Every gauge-natural bundle is a fiber bundle associated to the bundle W r for a certain order r.
The number r from Theorem 1.2 is called the order of the gauge-natural bundle. So if F is an r-order gauge-natural bundle, then
where S F is a left W r m G-manifold called the standard fiber of F . If (x λ , z a ) is a local fiber coordinate chart on P and (y i ) a coordinate chart on S F , then (x λ , y i ) is the fiber coordinate chart on F P which is said to be adapted. Let F be a G-gauge-natural bundle of order s and let r ≤ s be a minimal number such that the action of W m G-manifolds and G-gauge-natural bundles of order (s, r), [1] . So any (s, r)-order G-gauge-natural bundle can be represented by its standard fiber with an action of the group W (s,r)
The class of G-gauge-natural bundles contains the class of natural bundles in the sense of [6, 7, 9, 11] . Namely, if F is an r-order natural bundle, then F is the (r, 0)-order G-gaugenatural bundle with trivial gauge structure.
Let F be a G-gauge-natural bundle and (ϕ, f ) : P →P be in the category PB n (G). Let σ be a section of F P . Then we define the section ϕ *
for all x ∈ M and any section σ : M → F P . From the naturality of D it follows that D = {D(P ), P ∈ Ob PB n (G)} is a natural transformation of J k F to H. The following theorem is due to Eck, [1] .
Theorem 1.4. Let F and H be G-gauge-natural bundles of order ≤ (s, r), s ≥ r. Then we have a one-to-one correspondence between natural differential operators of order k from F to H and W (s+k,r+k) n G-equivariant maps from T k m S F to S H . So according to Theorem 1.4 a classification of natural operators between G-gauge-natural bundles is equivalent to the classification of equivariant maps between standard fibers. Very important tool in classifications of equivariant maps is the orbit reduction theorem, [6, 7] . Let p : G → H be a Lie group epimorphism with the kernel K, M be a left G-space, Q be a left H-space and π : M → Q be a p-equivariant surjective submersion, i.e., π(gx) = p(g)π(x) for all x ∈ M, g ∈ G. Having p, we can consider every left H-space N as a left G-space by gy = p(g)y, g ∈ G, y ∈ N.
there is a bijection between the G-maps f : M → N and the H-maps ϕ : Q → N given by f = ϕ • π.
Linear connections on vector bundles
In what follows let G = GL(n, IR) be the group of linear automorphisms of IR n with coordinates (a i j ). Let us consider the category VB m,n of vector bundles with m-dimensional bases, n-dimensional fibers and local fibered linear diffeomorphisms. Then any vector bundle (p : E → M ) ∈ Ob VB m,n can be considered as a zero order G-gauge-natural functor PB m (G) → VB m,n .
Local linear fiber coordinate charts on E will be denoted by (x λ , y i ). The induced local bases of sections of T E or T * E will be denoted by (
We define a linear connection on E to be a linear splitting
Considering the contact morphism J 1 E → T * M ⊗ T E over the identity of T M , a linear connection can be regarded as a T E-valued 1-form
projecting onto the identity of T M . The coordinate expression of a linear connection K is of the type
Linear connections can be regarded as sections of a (1,1)-order G-gauge-natural bundle Lin E → M , [1, 6] . The standard fiber of the functor Lin will be denoted by R = IR n * ⊗IR n ⊗ IR m * , elements of R will be said to be formal linear connections, the induced coordinates on R will be said to be formal symbols of formal linear connections and will be denoted by ). Then the restrictionβ r of the action β r to B r+1,r+1 r,r G has the following coordinate expression
The curvature of a linear connection K on E turns out to be the vertical valued 2-form
where [, ] is the Froelicher-Nijenhuis bracket. The coordinate expression is
If we consider the identification
can be considered as the curvature tensor field
is a natural operator which is of order one, i.e., we have the associated W (2,2) m G-equivariant map, called the formal curvature map of formal linear connections,
where (u j i λµ ) are the induced coordinates on the standard fiber
We define a classical connection on M to be a linear symmetric connection on the tangent vector bundle p M : T M → M with the coordinate expression
Classical connections can be regarded as sections of a 2nd order natural bundle Cla M → M , [6] . The standard fiber of the functor Cla will be denoted by Q = IR m ⊗S 2 IR m * , elements of Q will be said to be formal classical connections, the induced coordinates on Q will be said to be formal Christoffel symbols of formal classical connections and will be denoted by 
The curvature tensor of a classical connection is a natural operator
which is of order one, i.e., we have the associated G 3 m -equivariant map, called the formal curvature map of formal classical connections,
where (w ν ρ λµ ) are the induced coordinates on the standard fiber
the tensor product over M and recall that E p,r q,s is a vector bundle which is a G-gauge-natural bundle of order (1, 0). A classical connection Λ on M and a linear connection K on E induce the linear tensor product connection
which can be considered as a linear splitting
q,s . Then we define, [3] , the covariant differential of a section Φ : M → E p,r q,s with respect to the pair of connections (K, Λ) as a section of E p,r q,s ⊗ T * M given by
In what follows we set ∇ = ∇ (K,Λ) and φ 
Theorem 2.6. (The generalized Bianchi identity) We have
where Alt is the antisymmetrization. 
Remark 2.9. Let us note that for classical connections we have the first and the second Bianchi identities
(λµ;σ) = 0 , respectively, where (. . . ) denotes the cyclic permutation. Moreover, we have the antisymmetrization of the second order covariant differential of the curvature tensor which is a quadratic polynomial of the curvature tensor.
The first k-th order reduction theorem for linear and classical connections
Let us introduce the following notations.
and W (k,r) M are natural bundles of order one and the corresponding standard fibers will be denoted by W i and W (k,r) , where
Let us denote by (w ν ρ λµσ 1 ...σ i ) the coordinates on W i . We denote by
m -equivariant map associated with the i-th covariant differential of the curvature tensors of classical connections
The map R C,i is said to be the formal curvature map of order i of classical connections. Let C C,i ⊂ W i be a subset given by identities of the i-th covariant differentials of the curvature tensors of classical connections, i.e., by covariant differentials of the Bianchi identities and the antisymmetrization of the second order covariant differentials, see Remark 2.9. So C C,i is given by the following system of equations
where j = 2, . . . , i and [..] denotes the antisymmetrization.
Let us put C , [6] .
Really, C (r)
C is a subbundle in C (r−1) C × W r given by the solution (for i = r) of the system of nonhomogeneous equations (3.1) -(3.3).
Then we put
which has values, for any j
. In [6] it was proved that C (r)
C is a submanifold in W (r) and the restriction of R (r)
C is a surjective submersion. Then we can consider the fiber product
. In [5] it was proved that the mapping
is a surjective submersion.
Similarly let
bundles of order (1, 0) and the corresponding standard fibers will be denoted by U i and U (k,r) , where
G-equivariant map associated with the i-th covariant differential of the curvature tensors of linear connections
The map R L,i is said to be the formal curvature map of order i of general linear connections. Let C L,i ⊂ U i be a subset given by identities of the i-th covariant differentials of the curvature tensors of linear connections, i.e., by covariant differentials of the Bianchi identity and the antisymmetrization of the second order covariant differentials, see Theorem 2.6 and Remark 2.8. So C L,i is given by the following system of equations
that there is an affine structure on the projection pr
L is a subbundle in C (r−1) L × U r given as the solution (for i = r) of the system of nonhomogeneous equations (3.5) -(3.6).
Then we set
which has values, for any (j
In [4] it was proved that C (s)
is a surjective submersion. Then we can consider the fiber product
. Now we shall prove the technical
Proof. In [5] it was proved that
is a surjective submersion. The mapping of Lemma 3.1 is then a surjective submersion if and only if the mapping (π
is a surjective submersion for any j 
L is a surjective submersion and we have the commutative diagram
All morphisms in the above diagram are surjective submersions which implies that the mapping (π 
Proof. Let us consider the space .7) it is easy to see that the symmetrization maps
are equivariant.
We have the G Moreover,
Similarly we have the W .10) where lin denotes the linear combination with real coefficients which arises in the following way. We recall that R L,r−1 gives the coordinate expression
We can write
Then the term in brackets can be written as a linear combination of terms of the type
. . , r, and from(3.11) we get (3.10).
Moreover, 
is simply transitive. Hence there exists a unique W (r,r)
• pr 3 and if we compose both sides with (ϕ C,r−1 , ϕ L,r ), by considering pr
In the second step we consider the same construction for the map g r and obtain the commutative diagram
Proceeding in this way we get in the last step a unique W
) . Further we proceed as in the second step in A) and we get a unique W
B) Let
We have the action of the group W
g r+1 is then the mapping satisfying the condition A), i.e. there is a unique W
Summarizing all cases we have
for any s ≥ r − 2 and the restriction of g k to T r−2
is uniquely determined map g we wished to find.
In the above Theorem 3.2 we have found a map g which factorizes f , but we did not prove, that
satisfy the orbit conditions, namely we did not prove that
. Now we shall prove it. 
, then, as a direct consequence of Theorem 3.2, we obtain the k-th order first reduction theorem for linear and classical connections.
Hence we have the associated W (i+1,i+1) m G-equivariant map, denoted by the same symbol, 
We define the k-th order formal Ricci equations, k ≥ 2, as follows. For k = 2 we have by Remark 2.8
is obtained by the formal covariant differentiating of (E 2 ) − (E k−1 ) and antisymmetrization of the last two formal covariant differentials. They are of the form
In [4] it was proved that
is a surjective submersion. Let us consider the projection pr
We have an affine structure on fibres of the projection pr r r−1 : Z (r) → Z (r−1) . It follows from the fact that Z (r) is a subbundle in Z (r−1) × (C C,r−2 × C L,r−2 × V r ) given as the space of solutions of the system of nonhomogeneous equations (E r ). Let us denote by Z (k,r)
. Then we can consider the fiber product over
and denote it by T
is a surjective submersion. 
